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Entrance Examination in Mathematics

MATHEMATICS 1

15 November 1993 Afternoon

Time allowed: 3 hours

Answers to each of Sections A, B and C must be attached to separate cover
sheets and handed in separately. If no questions are attempted in any one section
the cover sheet should still be handed in. Each cover sheet should be clearly
labelled A, B or C.

All candidates must attempt Question 1 which carries twice the mark for any other
question. There is no restriction on the number of questions any candidate may attempt but
only Question 1 and the best three solutions to Questions 2-11 will contribute to the total
mark for this paper.

The use of calculators is allowed, but, unless otherwise stuted, exact answers should be given.
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SECTION A

Differentiate exp{exp(sin z®)} with respect to z.

For n a nonnegative integer let

1 "
I, = \ .
/0 n +zzdx

1,1+1_2:n—1—-1-.

Prove that, for n > 2,

Hence find Is.

Find the finite area between the curves y = 4z? and z = 43°.

sin 2z
dz
cosx

Evaluate

when n > 2.
Find constants a, b such that
5—z -4z =a—(z+b)%
Hence evaluate
/1 dz
—2V5—z% -4z
Sketch the curve y = (2% — 3)e® and find the values of y at the turning points.

Find the sum of the first n positive even integers and the sum of the first n positive
odd integers.

Let a and b be the vectors

1 3
a=| 0 1],b=14
-2 1

Find ¢ such that the vector a + tb is perpendicular to a. Find a non-zero vector that
is perpendicular to both a and b.

Express
2z + 2
222 — 5z — 3
in partial fractions.

Find the values of z such that 0 < z < 27 and sin 2z = |sinz|.



SECTION B

‘}Zsf./COnsider the following set of linear equations:

z -y = 2
4z 43y -z = 3
8z +13y -3z = a

(2) Show that the equations have no solutions unless a = 1. When a = 1 find the general
solution.

(b) Suppose that equation 5z — 3y = 4 is added to the set above and @ = 1. Do the
equations then have a solution? If so, find it.

/B{Suppose that r, s, 6, and ¢ are real numbers, and that 7 > 0 and s > 0. Let

rcosf rsiné 1 0
Alr, 0) = (—rsin@ rcosG) 1= <0 1) = A(1,0).

(a) Show that A(r,0)A(s,¢) = A(rs, 0 + ¢).
(b) Find in terms of » and 6 the values of s and ¢ such that A(r,0)A(s,¢) = I.

Let n be a positive integer.

(c¢) Find all the values of 7 and 8 for which {A(r,0)]" =
(d) Find all the values of r and 6 for which [A(r,8)]* = A(s, ¢).

}34{ Let o, 3 and v be the roots of the cubic equation
224 Az’ + Bz + C = 0.

(a) Show that

atf+y = —A,
af+ py+vya = B,
affy = —C.

(b) Find expressions for ol 4+ 52 + 72 and a3 + 3% + 3 in terms of A, B and C.
(¢) Find A when a = -3, B = 4, and C = 16.
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/B’S/. Let n be a positive integer. Write down an expression for the expansion of (1 4+ z)" as a

~ ri(n-r)t?

ot . . n
polynomial in = with coefficients ( . ) = r=0,1,...,n.

(a) (i) Show that

(i1) show that

£(1)-=

r=0

(b) By considering (1 + z)""!(1 + z), or otherwise, show that

(7)=(=)+(7)

(c) By considering the derivative of (1 + )", or otherwise, show that

n
n _
r,,( . ) = n2"7 1,
r=0

and find

B6. (a) Prove that, for all positive integers n and all real numbers z # 1,

l+z+22 442" =

By considering the integral between 0 and % of 3 72, z", deduce that

o0

In2 = Zrér.

r=1

(b) For n a positive integer and 0 < t < 7 let
Cal(t) = cos(t/2)cos(t/4)---cos(t/2™).
Show by induction on n that

sint

= iy



SECTION C

C7. Prove that .
/ f(x)dz:/2[f(z)+f(a—:c)]d:z:.
0 0

(i) Use this result to show that

r

T3 [? . 3
zsinzdr =7 sin“z dz,
0 0

and hence evaluate fo" zsin® z dz.

(ii) Also use this result to show that,

™ zsinz dz T

4 — cos?z 6

C8. (a) Using the fact that, —d; for g(t)dt = ¢g(2), differentiate with respect to z the following
functions of z, when 0 < 2 < 7. '

xr
(i) / tan®t dt;
0
2

ey
(ii) / tan®3 1 dt;
0

1.2
(iii)/ tan®3¢ dt.
(b) Work out

iln(ln z) for z > 1.
dz

(Note that the function Inz can be defined as Inz = f]r %dt, for > 0.) Using
integration by parts evaluate

/ ll](lint)dt, for z > 2.
2

C9. Suppose that y is a solution of the differential equation
). d .
(ya + 4.1‘2)% = ‘2y2 + 9yz + (51'2, for z > 0.
da

By making the substitution y = zu show that w satisfies the differential equation

du_ (ut3)(ut2)
de u+4 '

Integrate this equation and hence find a relation between z and the solution y of the
original equation such that y = 0 when z = 1.

Turn Over



C10. Find the turning points on the graph of the function
y = —3z° + 9az — 24?,

where a is a real number. Sketch the curve (i) for a < 0, (ii) for 0 < a < 9 and
(i) for « > 9. For each value of a find the maximum value M(a) of the function in the
interval 0 < 2 < 3.

C11. Let Tp(2) = cos(n cos~'z), —1<z <1, where nisa nonnegative integer. (Note that
another notation for cos™! z is arccos z.)

(a) Prove that, for —1 < 2 < 1,T,(z) satisfies the relation,

2

d d n
— V1= 2 )
da [ : dz(T"(x))] A )

(b) Show that T;,(2) has n + 1 turning points in the interval —1 <z < 1.

(c) Using the substitution z = cos#f, or otherwise, prove that, if m is a nonnegative
integer such that m # n, then

1 Tolz)T(z)

B ﬁd:ﬁ = Q.



